Abstract. We study permutation polynomials through the device of the polypermutation group of an associative ring R, denoted by Pgr(R). We derive some basic properties and compute the cardinality of Pgr(Z/p k ) when p ≥ k. We use this computation to determine the structure of Pgr(Z/p 2 ).
Introduction
Let p be a prime. Why are Z/p × Z/p and Z/p 2 not isomorphic as rings? It's because the latter has more permutations induced by polynomials! That's what this paper is aboutpermutations of rings like Z/p k induced by polynomials. We start with R, an associative ring with identity. We say that a polynomial f ∈ R[x] is a permutation polynomial if the induced evaluation function R → R is bijective. For example, x 3 + 6x 2 + x ∈ Z/9[x] permutes Z/9. For finite fields permutation polynomials have been studied extensively (cf. [LN00, Chapter 7]), and some other finite rings have also been considered. Often, research has focused on finding specific classes of permutation polynomials. In this work, we study this subject from the lesser used perspective of group theory.
1.1. Definition. For a ring R, the subset of permutations of R that can be represented by polynomial functions is a monoid, and we define the polypermutation group Pgr(R) of R to be the subgroup generated by this monoid in the symmetric group of R.
If R is a finite field, any function R → R can be represented by a polynomial and so Pgr(R) is the symmetric group ∆ R on R. In [Ash93] and [CH72] , the polypermutation group was calculated for the group ring R[G] where R is a finite field and G is a finite abelian group. So what's in this paper? Although the polypermutation group has been considered before a few times, it does not seem to have been studied systematically, so we will start with some basic properties of the polypermutation group in §2, such as the behaviour of Pgr(−) with respect to products, inverse limits, and ring homomorphisms. For example, it turns out that Pgr(−) is a functor from the category of finite rings and surjective homomorphisms to the category of groups. The main section is §3, where we compute the size of Pgr(Z/p k ) for a prime p and an integer k such that p ≥ k:
1.2. Theorem. Let p be a prime and k ≥ 2 be an integer such that p ≥ k. Then
As an application of this theorem, we compute the structure of Pgr(Z/p 2 ):
1.3. Theorem. Let p be a prime and let the group (Z/p) × act on the group Z/p by multiplication. Let ∆ p act on the p-fold products (Z/p × ) p and (Z/p) p via permuting the coordinates. Then there exists an isomorphism
Here, the notation A ⋊ G means the semidirect product with G acting on A.
Basic Properties
For any set X, we write ∆ X for the permutation group of X and ∆ n for the permutation group on n letters. We also write D n for the dihedral group of the regular n-gon if n ≥ 3, so that |D n | = 2n. By convention we set D 2 = ∆ 2 ∼ = Z/2 and D 1 = {e}. 2.1. Proposition. If R 1 and R 2 are associative rings then
Proof. Any polynomial permutation of R 1 ×R 2 comes from a polynomial with coefficients in R 1 × R 2 and so is given by a pair of polynomials (f 1 , f 2 ) with
2.2. Proposition. Let I be a directed poset and consider a functor F from I to the category of rings.Write R i = F (i) for all i ∈ I. Suppose that for each morphism i → j in I, the morphism R i → R j with the corresponding morphism R i [x] → R j [x] sends permutation polynomials to permutation polynomials. Then
Proof. We will show that Pgr(lim ← −F R i ) satisfies the universal property of lim ← −F Pgr(R i ). To this end, let X be a group and suppose we have homomorphisms
commutes whenever there is a map Pgr(
for all i such that ϕ j (x) is obtained from ϕ i (x) by applying R i → R j if such a map exists. So, such a system of polynomials defines a polynomial f = (f i ) with coefficients in lim ← − R i ; we need to verify that it defines a bijection lim
Let α : R i → R j be the ring homomorphism in the inverse system, so that α(f i ) = f j and α(a i ) = a j . Applying α to the equation
and we already have
showing that f is also surjective and hence bijective. Thus we get a map X → Pgr(lim ← − R i ), which is a group homomorphism because each ϕ i is a group homomorphism, and by construction is the unique homomorphism that makes the appropriate diagram commute.
2.3. Remark. Let R be a commutative ring and suppose that R 1 and R 2 are any two commutative R-algebras. Then there does not seem to be an easy way to determine Pgr(R 1 ⊗ R R 2 ) from Pgr(R 1 ) and Pgr(R 2 ) as can be seen in the case of
The next proposition can be helpful when computing some polypermutation groups by hand.
2.4. Proposition. Let R be a ring such that every translation polynomial x + r is in Pgr(R) and let {f i : i ∈ I} be a set of generators for Pgr(R) containing all translation polynomials. Then each f i that is not a translation can be replaced by a polynomial with no constant term.
Proof. Let f be in the generating set for Pgr(R). Since f is a permutation, f (r) = 0 for some r ∈ R. Then f (x + r) is also in Pgr(R), has no constant term, and may replace f in the generating set.
Let R → S be a ring homomorphism. When does the induced map R[x] → S[x] send permutation polynomials to permutation polynomials? This does not always happen: for example, the homomorphism Z/2 → Z/2[t] sends f (x) = x 2 to a polynomial that does not induce a permutation, because t ∈ Z/2[t] has no square root! The first hint is a result of Rivest.
n with integer coefficients reduces to a permutation polynomial in Z/2 w [x] if and only if a 1 is odd, (a 2 + a 4 + · · · ) is even, and (a 3 + a 5 + · · · ) is even.
Since Rivest's condition on f is independent of w, and given that such a polynomial would also reduce to a permutation polynomial in Z/2[x], we see that the reduction homo-
which are surjective, again by Rivest's condition. It is easy to verify that when m | n, the reduction map Z/n → Z/m induces a map Pgr(Z/n) → Pgr(Z/m). Both of these facts are part of a more general result, which is easy to see but nevertheless useful. 2.6. Proposition. Let R be a ring and I an ideal of R. If R/I is finite then the reduction modulo I of any permutation polynomial f ∈ R[x] is a permutation polynomial in R/I[x].
Hence, there is an induced map
Proof. Let f ∈ R[x] be a permutation polynomial. Then its reduction modulo I defines a function on R/I which is surjective and hence injective because R/I is a finite set.
In particular, Pgr(−) is a functor from the category of finite rings and surjective morphisms to the category of finite groups. As an example use of this theorem, write
for the p-adic integers. Applying Proposition 2.6 and Proposition 2.2, we see that we have an isomorphism
showing that the monoid of polynomial permutations of Z p is actually a group. Moreover, we can endow Pgr(Z p ) with the topology coming from this inverse limit of finite groups, making Pgr(Z p ) into a profinite group, though we will leave an analysis of this p-adic situation for a future paper. 
Quotient Rings of the Integers
In this section we take a look at Pgr(Z/n). When writing permutations of Z/n, we will use cycle notation with the elements labeled as 0, 1, . . . , n − 1. We have already remarked that Pgr(R) = ∆ R when R is a finite field. 3.1. Proposition. Let n be squarefree with n = p 1 p 2 · · · p k for distinct primes p 1 , . . . , p k . Then
Proof. This follows immediately from Proposition 2.1.
We now consider Z/p k where k > 1 and p is a prime number. We start with some examples that will elucidate a method that works in principle to compute Pgr(R) for any finite ring R.
Proposition. The polypermutation group of Z/4 is
and is generated by (0, 1, 2, 3) and (1, 3) .
Proof. The permutation (0, 1, 2, 3) can be given by the polynomial function f (x) = x+1, and the permutation (1, 3) can be given by f (x) = x 4 + x 2 + x. Since (0, 1, 2, 3) 2 = (0, 2)(1, 3), we see that Pgr(Z/4) contains (0, 2) and (1, 3). Now suppose Pgr(Z/4) is not generated by  (0, 1, 2, 3) and (1, 3) . Then we need at least one more generator for Pgr(Z/4), which we can choose by Proposition 2.4 to have no constant term. But then this generator would leave the set {0, 2} invariant, and so it would be in the subgroup {e, (0, 2), (1, 3), (0, 2)(1, 3)}, and hence we do not need a new generator after all.
Over the finite field F q , every function F q → F q can be represented by a polynomial of degree strictly less than q. For other finite rings, as shown by the computation of Proposition 3.2, there are some set endomorphisms that cannot be represented by a polynomial of any degree. Nonetheless, there are only finitely many set endomorphisms of a finite ring.
3.3. Definition. For a finite ring R, we define the polynomial function bound on R to be the least upper bound of the set of all d such that every polynomial function R → R can be represented by a polynomial of degree at most d, and we write pb(R) for this number.
We can always get an upper bound for pb(R) by computing the largest integer d such that the polynomial functions x, x 2 , . . . , x d are all distinct; then pb(R) ≤ d. For example, by this method we see that pb(Z/9) ≤ 7 and pb(Z/27) ≤ 20. Since there are only finitely many ring structures on a finite set of a given cardinality, one should be able to express this bound in terms of this cardinality. Using this number, we can compute Pgr(R) for any finite ring. Since this may be the only method for some finite rings, we illustrate it with an example, using Sage to avoid lengthy hand-computations.
3.4. Example. We have
Indeed, we first compute powers of elements in Z/8, which gives us pb(Z/8) ≤ 4. We need three permutations to generate Pgr(Z/8): the permutation (0, 1, 2, 3, 4, 5, 6, 7) given by f (x) = x + 1, the permutaiton (1, 3, 5, 7)(2, 6) given by f (x) = x 4 + x 2 + x, and the permutation (1, 5) given by f (x) = x 4 + x 2 + 3x. These permutations generate the group Pgr(Z/8) which has order 128. It has a normal subgroup isomorphic to (Z/2) 4 fitting into an exact sequence
The subgroup isomorphic to (Z/2) 4 can be generated by the set {(3, 7), (2, 6), (1, 5), (0, 4)}, and the quotient D 4 has coset representatives {e, (1, 3)(5, 7), (0, 1)(2, 3)(4, 5)(6, 7), (0, 1, 2, 3)(4, 5, 6, 7), (0, 2)(4, 6), (0, 2)(1, 3)(4, 6)(5, 7), (0, 3, 2, 1)(4, 7, 6, 5), (0, 3)(1, 2)(4, 7)(5, 6)} ⊆ H.
The dihedral group D 4 also has the presentation The intuition is to think of a square whose vertices are labeled by (2, 6), (3, 7), (0, 4) and (1, 5) around going either clockwise or counterclockwise. Using these isomorphisms, the action of D 4 on (Z/2) 4 is given on generators by
and it gives an explicit isomorphism
These techniques can be used for any finite ring but for larger cardinalities, the computations quickly become prohibitive. Next, we will derive a few results necessary to compute the cardinality of Pgr(Z/p k ). We first note that if
, not necessarily a permutation polynomial, then
for all x ∈ Z/p k and where f ′ denotes the formal derivative of f . Therefore, f is actually determined by a choice of 0, 1, . . . , p − 1 and a choice of derivatives f 
for all m and x = 0, . . . , p − 1 where each f i : Z/p → Z/p k is an arbitrary function.
. . , k − 1 and extending by Equation (1) can also be defined by a polynomial in Z/p k [x].
3.6. Proposition. A function f : Z/p k → Z/p k obtained by the method just described is a permutation of Z/p k if and only if f (0), . . . , f (p − 1) are all distinct modulo p and
Proof. Suppose there exists an x ∈ {0, . . . , p−1} such that f ′ (x) ∈ (p). Choosing m = p k−2 , we see that
Therefore, the conditions: f (0), . . . , f (p − 1) are all distinct modulo p and f
× is certainly necessary for the corresponding function to be a permutation.
The same proof will not work for k > 2; the problem is that the structure of the group Pgr(Z/p k ) is more complicated and it is not clear to the author if there is any nice presentation of it. Nonetheless, we emphasize that with Theorem 3.7, it is possible to write a fairly fast algorithm that will determine all the generators of Pgr(Z/p k ) for any k as a subgroup of ∆ p k .
3.10. Remark. A polynomial permutation of Z/p k also induces a permutation of Z/p ℓ for ℓ = 1, . . . , k by Proposition 2.6. Inspired by this fact, is is tempting to introduce the following definition: Let R be a commutative ring and I an ideal of R. We say that a permutation of R/I k is an I-fractal permutation of R/I k if it induces permutations of R/I ℓ for ℓ = 1, . . . , k. If the ideal is understood, we simply say fractal permutation. Let us write Fpg I (R/I k ) for the group of I-fractal permutations of R/I k . As we have said, permutation polynomials in Z/p k [x] induce fractal permutations of Z/p k . However, the converse is false in general! Indeed, the following fractal permutation of Z/27 is not given by any polynomial:
(0, 5)(1, 13, 7, 10, 4, 25)(2, 15, 8, 3, 11, 24, 17, 21, 20, 6, 26, 12)(9, 14, 18, 23) (16, 19, 22) In fact Pgr(Z/p k ) is usually a proper subgroup of Fpg p (Z/p k ). Now, using the notion of fractal permutation, we can define the I-fractal permutation group of R, or the fractal permutation group of the pair (R, I) as the limit The structure and meaning of this group are still mysterious, but we leave this for future research.
